9.5: Fundamental Sets of Eigenvector Solutions

Homogenous system:

x' = Ax, A:nxn
Characteristic Polynomial:
(degree n)

p(\) = det(A — \I)

Def.: The multiplicity of a root \; of
p(\) is the smallest positive integer
m for which L-p(\)[r=» 7% 0.

Fundamental Thm. of Algebra:
If the roots are counted with
multiplicities, then p(\) has exactly
n roots Ai,...,\,, and

p(A) = (=1)"(A = A1) - (A= A\p)
Thm.: If A\1,...,\n, are n real
eigenvalues of A and vq,...,vp

are n linearly independent
eigenvectors, then

Xj(t) = eAjth, 1 <73 <n

are a fundamental set of
solutions.

8 —5 10
Ex.: A= 2 1 2 |. Find
—4 4 -6
p(\) = =X34+3X244)\-12

—A+2)(A=3)(A—-2)
= A1 = —2, Ao =3, \3 = 2.
Eigenvectors:

10 -5 10 1 0 1
A+421 = 2 3 21— 0 1 O
—4 4 —4 0 0O
= v1 = [-1,0,1]". Analogously:
vo = [1,1,0]7, vs = [0,2,1]7.
=4 Xl(t) — 6_2t[_17071]T
x2(t) = €”[1,1,0]"
X3(t) — €2t[07271]T

are a fundamental set of solutions.

C o4 11
Ex..A_[_1 1]

PN =(1-XN)24+1=0= A\1o=1=+1

=Complex Eigenvalues 1



Review: Complex Numbers and Complex Exponential

Complex Numbers
C: set of complex numbers
A=a+iBeC, i=+-1
a,8€R; a=Re(N), 8=Im(}))
Complex conjugate: A = a —if3
Addition and multiplication
If A\=a—+1i8, u =~ -+ d:

Adp = (a+v)+i(B+6)
like vector addition
M = (a4 iB)(y +id)

= avy— B+ i(ad + B7)
Re(A) = (A4 X)/2
Im(A) = (A=X)/(2d)
Absolute value: [A| = /a2 + 52
Inversion: + =24 = _A

AT D2

Euler Formula

e = cosf +ising

— point on the unit circle:
€912 = cos? 0 + sin? 6 = 1

e ¥ = cosf —ising =1/e"
Complex exponential:
6)\ — eoz—l—iﬁ — eaeiﬁ
= e“(cos B+ ising)
6)\ — ea—iﬁ — eae—iﬁ

e®(cos B —isin B) = (e?)

Exponential function:

N = eo‘t(cos(ﬁt)—l—isin(ﬁt)>
M = eo‘t(cos(ﬁt) —isin(ﬁt))
= (eM)




Complex Eigenvalues and Eigenvectors

Complex vectors:
x,yeER"—>z=x+4+1yecC"
Complex matrices:
matrices with complex entries

nullspace, linear independence, basis,
dimension as in the real case (with
complex vectors and scalars allowed)

Thm.: Let A\ be a complex
eigenvalue with eigenvector
v=u-+w. Then v,v and u,w

Def.: Let A:
e A complex root of
det(A—- X)) =0
IS @ complex eigenvalue.
e Any 0 = v € C" s.t.
Av = v
IS an eigenvector, and
e null(A — \I) is the eigen-
space for .

real n x n-matrix.

Pairs: Av = )\v = AV = )\V
= complex conjugate pairs of
eigenvalues and eigenvectors

are linearly independent.
CoA 1 1 A1 1+2
EX..A—[_l 1]—>{)\2 1_7;}

Compute A — (1 +4)I = [ __1Z 1 ]

—1

R3(1,i) 1 1 | R1(2,1,1) | 1 4
= -1 =g — 0 0

= v = [1,4" = [1,0]" + [0, 1]"
= u-+iw is basis of null(A — X\11)

= Vv iS eigenvector for A1 =141
= v =[1, —i]" = u—iw is eigenvector

for o=\ =1—1
_2i £ 0
1 £ 0 [

: det([v,V])
Since { det([u, w])
v,V and u,w are linearly independent.
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Solutions of Systems Derived from Complex Conjugate
Pairs of Eigenvalues and Eigenvectors

A: real n X n-matrix
System: x' = Ax
Assume Av = Av with
A= a+i8eC, 83#0
v = ut+iweC" v#0
Linearly independent
complex solutions of (1):
z(t) = eMv, z(t) = MV
Real and imaginary parts:
z(t) el tiBt(y 4+ jw)
e*'(cos Bt + isin Bt)(u + iw)
e*(ucos Bt — wsin Gt)
+ie*(usin Bt + w cos 5t)
Rez(t) +iImz(t)
Linearly independent
real solutions of (1):
x1 (1) e (ucos Bt — wsin Gt)
x5 (1) e (usin B8t + w cos 3t)

(1)

For 2d Systems:
(n =2, Sec. 9.2)
a—+d }

a b T
A_[c d] {D ad — bc

p(A) =2 —TAx+D
Assume T? — 4D <0 =
complex eigenvalues A, A:

A = (T—I—i\/4D—T2)/2
a—+ 10
Let v=u-+4:tw #0 bein
null(A — XI). Then

x1(t) = e*(ucos Bt — wsin (t)
x5(t) = e*(usin Bt + w cos (t)

are already a
fundamental set of solutions
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1 1
-1 1

T? —4D = —4 < 0 = complex
eigenvalues

Ex.:A:[ ]:>T:2,D:2

Characteristic polynomial:

p(A) = N —2)24+2
= (A-1)*+1
= (A—-1)2 = -1
= A—1 = =+
Thus the eigenvalues are:
A=144i A=1—i (a=1,8=1)

Find eigenvector for A =1 4+ ::
NT o —7 1
A— (149l = [ 1 ]
A — A\l is singular

= rows of A — \I are linearly
dependent

= 2nd row is complex multiple of
1st row (—i[—7,1] = [-1, —1])

= need only consider 1st row for
finding basis v = [v, v2]?
null(A — \I)

Equation from 1st row: —ivi+v> =0
Set vo =1 = v; = 1 = eigenvector:

[
3] -]

Lin. indep. complex solutions:

z(t) = (1t ]é] L 7(t) = (1701

B

Fundamental set of real solutions:

x1(t) = t(lllcost—[?]sint)
- e[
xo(t) = et<[[ ]sint—l— [ (1) ] cost)

sint
COSt

Fundamental matrix:

X (1) =et[

COSt sSint
—Sint cost

5



Fundamental Set of Eigenvector Solutions

A: real n x n-matrix _ ig 28 —13
X.: = | — —25 5

System: x = Ax (1) e . .

Thm.: Assume Use Matlab’s poly and factor

1. A has k real eigenvalues A1, ..., A = p(\) = -+ D[\ +2)24 9]
with linearly independent eigen-

vectors vy, ..., V. = eigenvalues: A\; = -1
Vi Yk Mo = —2+43i, A3 = o
2. A has m complex conjugate eigenvectors (using Matlab’s null):
PAIrS Apt1, Akt1s- - s Akmy Akdm vi = [2,1,2]7
of eigenvalues with eigenvectors 1 . _’2’ i 117
Vi+1s Vk+1s - - - s Vikdms Vitm- ve = [4,2-241]

[0,2,1]7 +i[1,-2,0]"

3. n =k~ 2m and the eigenvectors Fundamental set of solutions:

of 2. are linearly independent.

Then the n vector functions xa(t) = 6:2[2’ L,2]"
x2(t) = e 24([0,2,1]* cos3t
xi(t) = eMvi, 1<i<k _[1,—2,0]T sin3t) = e~ 2p(t)
x;(t) = e*'(u;cosBit—w;sinBit)| x3(t) = e 2([0,2,1]" sin 3¢
Xitm(t) = e¥'(u;sinB;t + w;cos g;t) +[1,-2,0]" cos3t) = e~*'q(t)
k+1<i<k+4+m p(t) = [— sin 3t, 2 cos 3t+2 sin 3t, cos 3t]*
are a fundamental set of solutions. q(t) = [cos 3t, 2 sin 3t—2 cos 3t, sin 3t]T
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Worked Out Examples from EXxercises

-5 -5
T=-6, D=10 = T? —-4D = —4 < 0 = complex eigenvalues:
p(A) =X24+6X1+10=(1+3)24+1=0 = eigenvalues A= —-34i, A= —-3—1

Ex. 9.2.18: Find fundamental set of solutions of y/ = Ay for A = [_1 1]

A—(=341)I = [ 2__5i _21_2. ] = eigenvector: v = [ 2__|;_)i ] = [ _g ]—I—i [ (1) ]

= u=[2,-5]7, v=[1,0]" = fundamental set of solutions:

(| 2] 1] _3; | 2cost —sint
_ -3t _ _ -3t
yi(t) = e ( 5 cost [ 0 ] S|nt>_ e [ & cost ]
] 2] 1 3 | 2sint 4+ cost
_ -3t _ -3t
y2(t) = e (__5_5|nt—|—[O]cost>—e [ _ceing ]

Ex. 9.2.24: Find solution of system of Ex. 18 for IC y(0) = [1,—5]7

. 2 | 1] 2 1 a1 | 1
s@=al Z]+alo|=] 2 o]a]=]2
N ca ] _1[0 -1 1] 1

2| 5|5 2 -5 |7 | -1
Y 2cost —sint 2sint 4 cost 3| cost—3sint
= y(t)=e ([ —5cost ]_[ —5sint )_e 5sint — 5cost
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Ex. 9.5.3: Find eigenvalues and eigenvectors of A and verify linear
independence of eigenvectors

2 0 0 2—A 0 0
A=| -6 1 —4 |, det(A—- X)) = —6 1-—-A —4
-3 0 -1 -3 0 —1-—-A
1—A —4
= pN)=C-N| 5" _{ ,|=-0=-20-DO+1)
= eigenvalues: \1 =2, Ao =1, A3 = —1. Find eigenvectors:
0 0 0 1 O 1 -1
A-2]=| -6 -1 4| —-|(0 -1 2 = V] = 2
-3 0O -3 0 O O 1
1 O 0 1 0 O 0
A-I=| -6 0 4| —=|[0 01 = vo= | 1
-3 0 -2 O 0 O 0
3 0 0 1 O 0 0
A+I=| -6 2 -4 | -0 1 -2 = vz = | 2
-3 0 0 O O 0 1
-1 0 O 1 -
det([Vl,Vg,V3]) = 2 1 2 | = ( 1) = -1 ?/: 0
1 0 1 01

= Vi1,Vp,Vv3 are linearly independent



Ex. 9.5.9: Find general solution of

3 0 0]
A= | -5 6 —4 |, det(A—\I) =
-5 2 0
_ 6—\ —4 |
= p(A) = (=83-X)| 5,7 _,|=
= —(A+3)(\2-61+8)=
00 O
M=-3 > A4+3I=| -5 9 -4 | —
-5 2 3
= vi = [1,1,1]T ) . -
-5 0 O
M=2 = A-2[=]| -5 4 -4 | >
-5 2 -2
[ -7 0 0| I
AM3=4 —- A—-4] = -5 2 4| —
-5 2 —4

x/ —3x

y = —br+46y—4z

Z = —bx—+4 2y

—3—A 0 0
5 6-)\ -4
-5 2 —A

—(A+3)[(6 = A)(=A) + 8]
—(A+3)(A=2)(A—4)

5 —2 -3 5 0 -5
o -7 7|—=]l01 -1
O 0 O 0 0 O
1 0 O]

01 -1 | =v=][0,1,1]"
0 0 O

1 0 O]

01 -2 | = vs3=][0,2,1]*
0 0 O

General Solution: x(t) = c1e 31, 1, 1]7 4 c2€?![0, 1, 1]T + c3e*'[0, 2, 1]7



Ex. 9.5.15: Find solution to IC x(0) = [-2,0, 2] for system of Ex. 9
Write general solution as x(t) = X (t)c, ¢ = [c1, ¢, c3]?, with F.M.

e3 0 0 1 00 c1 —2
X)) =] e3 e 2" |; IC= X0)c=|1 1 2 co | = 0
e 3t g2t At 1 1 1 c3 2
1 00 -2 1 00 —2]
[X(0),x(0)]=|1 12 Oo|—=|01 2 2
111 2 011 4
1 0 0 -2 1 00 -2 —2
—~]l01 2 2|=l010 6| =c= 6
0O 0 —1 2 0 0 1 =2 —2
= x(t) = —2e¢3Y1,1,1]F +6€2%[0,1,1]F —2e*[0,2, 1]

[—26_3t, _26—3t _|_ 662t . 4€4t, _26—3t + 6€2t . 264t]T
Ex. 9.5.19: Find real and imaginary parts for y(t) = e?*[1,1 + 2i, —33]7
Write y(t) = e?*v, v=[1,1+2i,—-3i{]" =u+iw, u=[1,1,0]", w=[0,2,-3]"

y(t) = (cos2t-+isin2t)(u+iw) = ucos?2t 4+ iusin 2t + iw cos 2t + i*w sin 2t
= (ucos2t—wsin2t) + ¢(usin 2t + w cos 2t)

= Rey(t) = wucos2t—wsin2t=1[1,1,0]" cos2t — [0,2,—3]" sin2t
= [cos2t,cos2t — 2sin 2t, 3sin 2t]*
Imy(t) = usin2t+wcos2t=[1,1,0]' sin2t+ [0, 2, —3]% cos 2¢

[sin 2¢, sin 2t 4 2 cos 2t, —3sin 2¢]” N



' —4x + 8y + 8z

Ex. 9.5.21: Find general solution of ¢ v = —4xz+ 4y + 2z
Z = 2z
—4 8 8 —4—-X 8 8
A= | -4 4 2|, det(A—-A)=| -4 4-—x 2
0 0 2 0 0 2-2A
—4—-X 8
=p(A) = Q-0 47 4 |[=C=M(=4-1)4-X) +32]
= (2= +16) = M =2, =4 A3= X
[ -6 8 8 1 —-1/2 —1/2
A-2[=| -4 2 2| 5| =3 4 4
0 00 0 0 0
1 —1/2 —1/2 1 0 0 0
—~ |0 1 1| —-|01 1| =>vi=]|-1
0 0 0 0 00 1
—4—-4i 8 8 [ 1 —144 0
A—4il = —4  4—45 2 —~ | -1-5 2 0
0 0 2—4i 0 o 1
| 1 —144 0 1—3
R1(2,1,1—|—_z)>,R2(2,3) 0 0 1 o v, = 1
O 0 O 0

Set vo = us +iwp, up = [1,1,0]%, wo = [-1,0,0]"
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General solution: x(t) = c1x1(t) + cox2(t) 4+ e3x3(t), where

x1(t) = e%vy =¢e?[0,-1,1]T

xo(t) = upcosdt— wosindt =[1,1,0]! cos4t — [—1,0,0]! sin 4t
= [cos 4t + sin 4t, cos 4t, 0]

x3(t) = uosin4dt+ wocos4t = [1,1,0]7 sin4t +[—1,0,0]! cos 4t

[sin 4t — cos 4t, sin 4t, 0]*

Ex. 9.5.27: Find solution to IC x(0) = [1,0,0]” for system of Ex. 21

O cos4t+sin4t sin4t — cos4t O 1 -1
FM.: X)) = | —e* cos 4t sin 4t , X(0)=1| -1 1 O
o2t 0 0 1 O o)
Solve X(0)c = x(0) for c:
O 1 -1 1 O 0 —1 1 0]
[X(0),x()]=|-11 00|—-|01 00| =c= 0
1 O O O 1 O 0O O —1

= Solution x(t) = —x3(t) = [cos 4t — sin 4t, — sin 4¢, 0]T
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—6 2 -3
Ex. 9.5.37: Find F.S.S. foryy=Ay, A= | -1 —-1 -1 |, using a computer
4 -2 1

Use Matlab’s poly, roots, null commands with rational format:

>> vi=null (A+3*eye(3),’r’);

>> A=[-6 2 -3;-1 1714 =2 s s, v2=null (A+2*eye(3),’r’);
>> format rat,cpol=poly(A); >> v3=null(A+eve(3).’r’):
>> eigvals=roots(cpol) S>> [v1’°v2’°v3¥] ’ ,
eigvals = ans = ’ ’
:2 -1 0 1
1 -1/2 1/2 1
-1 -1 1

= eigenvalues and eigenvectors (multiply second eigenvector by 2):

M =-3 < vi=][-1,01]"
A=—-2 «— vp=[-1,1,2]"
AM3=-1 < v3=[-1,-1,1]"
= fundamental set of solutions:
yi(t) = e ¥[-1,0,1]"
y2(t) = e *[-1,1,2]"
y3(t) = e'[-1,-1,1]"
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—-18 —-18 10
Ex. 9.5.41: Find F.S.S. for y/ = Ay, A = 18 17 —10 |, using a computer
10 10 -7

This time use Matlab's symbolic toolbox:

>> A=[-18 -18 10;18 17 -10;10 10 -7]1;|>> vi=null(sym(A)+2*eye(3));

>> poly(sym(A));eigvals=solve(ans) >> v2=null(sym(A)-eigvals(2)*eye(3));
eigvals = >> [v1’;transpose(v2)]

[ -2] ans =

[ -3+2x%i] [1, -2, -2]

[ -3-2%i] [1, -5/4-1/4%i, -3/4-1/4x%i]

= eigenvalues and eigenvectors (multiply vi by —1, v, by —4):

)\]_ = -2 <« V1 = [_1a2?2]T
M=-34+2i - vo=[-454+i3+i" = uw =[-4,5,3]", wo,=1[0,1,1]

= fundamental set of solutions:

i) = e *[-1,2,2]"

yo(t) = e 3 (upcos2t — worsin2t) = e >([—4, 5, 3]  cos2t — [0, 1, 1]7 sin 2t)
= e 3[—4cos2t,5cos2t — sin2t,3 cos 2t — sin 2t]1

y3(t) = e 3t (upsin2t + wocos?2t) = e 3t([—4,5,3]! sin2t 4+ [0, 1, 1] cos 2t)
= e 3[—4sin2t,5sin 2t + cos 2t, 3sin 2t + cos 2t]’

Note: [5/(—=3 —i)]va = [-6 + 2i,8 —i,5]7 — answer given in text. 14



EX. 9.5.45: Solve system of Ex. 37 for IC y(0) = [-6,2,9] via computer
-1 -1 -1

Let Y(0) = [y1(0),y2(0),ys3(0)] =

>> M=[-1 -1 -1 -6;0 1 -1 2;1 2 1 9];

>> rref (M)

ans =
1 0 0 2
0 1 0 3
0 0 1 1

0 1 —1|. Solve Y(0)c =y(0):
1 2 1

= c1=2,c0=3,c3=1

= y(t) = 2e¢3[-1,0,1]
43¢ %[-1,1,2]F
+ef[-1,-1,1]"

or y(t) =[-2e 3 —3e2 —et 3¢ — et 2e73 L 6%+ 7T

Ex. 9.5.49: Solve system of Ex. 41 for IC y(0) = [-1,7,3]’ via computer

1 -4 0
Y (0) = 2 5 1 |,Y(0)c=1y(0)
2 3 1

>> M=[-1 -4 0 -1;2517;2 31 3];

>> rref (M)

ans =
1 0 0 -7
0 1 0 2
0 0 1 11

y(t) = —7e?%[-1,2,2]F
+2e73[—4 cos2t,5 cos 2t —
sin 2t, 3 cos 2t — sin 2t
+11e 3 [—4sin2t,5sin 2t +
cos 2t, 3 sin 2t 4+ cos 2t]’

y1(t) = 7e 2 — 4e73(2 cos 2t + 11sin 2t)
yo(t) = —14e % 4 e734(21 cos 2t + 53 sin 2t)

y3(t) = —14e 2 + e 3'(17 cos 2t + 31 sin 2t)
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