
Curvature and Circulation

Definitions

• Let 𝐿 be a small rectangle in the (𝑢, 𝑣) plane, 𝐿̂ its image on 𝐻2.
• Let 𝑉 = (𝑃 , 𝑄) be a vector field on the (𝑢, 𝑣) plane induced by the metric on 𝐻2:

– 𝑃 = 𝜕𝑣(𝐴)
𝐵

– 𝑄 = −𝜕𝑢(𝐵)
𝐴

• The circulation of 𝑉 around the boundary of 𝐿 is defined as:

𝐶𝑉 (𝐿) = ∮
𝐿

𝑉 ⋅ 𝑑 ⃗𝑠 = ∮
𝐿

𝑃𝑑𝑢 + 𝑄𝑑𝑣

Calculation

𝐶𝑉 (𝐿) = ∮
𝐿

𝑉 ⋅ 𝑑𝑟 = ∮
𝐿

𝜕𝑣(𝐴)
𝐵 𝑑𝑢 − 𝜕𝑢(𝐵)

𝐴 𝑑𝑣

In the hyperbolic plane, 𝐴 = 𝐵 = 1
𝑣 , so

𝐶𝑉 (𝐿) = ∮
𝐿

𝑣𝜕𝑣 (1
𝑣) 𝑑𝑢 − 𝑣𝜕𝑢 (1

𝑣) 𝑑𝑣

and this equals

𝐶𝑉 (𝐿) = ∮
𝐿

−1
𝑣𝑑𝑢 + 0𝑑𝑣 = ∮

𝐿
−1

𝑣𝑑𝑢

This reduces the circulation calculation to a line integral of a single-variable function around
the rectangle 𝐿.
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Let 𝐿 have corners at (𝑢, 𝑣), (𝑢 + 𝛿𝑢, 𝑣), (𝑢 + 𝛿𝑢, 𝑣 + 𝛿𝑣), and (𝑢, 𝑣 + 𝛿𝑣). Then these integrals
become

𝐶𝑉 (𝐿) = ∫
𝑢+𝛿𝑢

𝑢
−1

𝑣𝑑𝑢 + ∫
𝑣+𝛿𝑣

𝑣
0𝑑𝑣 + ∫

𝑢

𝑢+𝛿𝑢
− 1

𝑣 + 𝛿𝑣𝑑𝑢 + ∫
𝑣

𝑣+𝛿𝑣
0𝑑𝑣

= −𝛿𝑢
𝑣 + 𝛿𝑢

𝑣 + 𝛿𝑣
= 𝛿𝑢 ( 1

𝑣 + 𝛿𝑣 − 1
𝑣)

= 𝛿𝑢 (𝑣 − (𝑣 + 𝛿𝑣)
𝑣(𝑣 + 𝛿𝑣) )

= − 𝛿𝑢𝛿𝑣
𝑣(𝑣 + 𝛿𝑣)

Since the circulation per unit area is ultimately the curvature at a point, we divide by the
area of 𝐿̂, which is given by

Area(𝐿̂) = ∬
𝐿

1
𝑣2 𝑑𝑢𝑑𝑣 = 𝛿𝑢𝛿𝑣

𝑣2

So the curvature at the point (𝑢, 𝑣) is given by

𝐾(𝑢, 𝑣) = lim
Area(𝐿̂)→0

𝐶𝑉 (𝐿)
Area(𝐿̂)

= lim
𝛿𝑢,𝛿𝑣→0

− 𝛿𝑢𝛿𝑣
𝑣(𝑣+𝛿𝑣)
𝛿𝑢𝛿𝑣

𝑣2

= lim
𝛿𝑣→0

− 𝑣2

𝑣(𝑣 + 𝛿𝑣)
= lim

𝛿𝑣→0
− 𝑣

𝑣 + 𝛿𝑣
= −1
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