MA-163 (W,07)
Test 5 (Series)
[150 total posible points. 140 possible EXTRA CREDIT points.] Name
The instructions are on the bottom of page 4. Read them first.

[20 possible points]
1. A ball is catapulted from the ground with an initial velocity sufficient to
have it reach the height of 64 feet. It falls back to the ground and then

bounces up %'ths of its previous height; that is 396 of 64 ft = 36 ft. It again G| |6

falls to the ground and bounces up -196'ths of the previous height from which _
it just fell. The ball keeps bouncing in thisway until it finally comesto rest.

Also, 4 seconds are required for the ball to make its first complete bounce --

from the instant it leaves the ground until the instant it returns. And each 54-135
subsequent complete bounce requires 3/4 times as long as the preceding o
complete bounce. iﬁj lr
Answer (in sentences) these questions: 2 2 E
=2 =
a Write an infinite sum to give the total distant the ball travelsin coming to '.'2 5 'a‘zﬁ','t
rest. Then use an infinite series formulato find this distance. g 4
I H 5
b. Write an infinite sum to give the total time from the instant the ball is i :
catapulted into the air until it finally comesto rest. Then use aninfinite - A

seriesformulato find thistime.

[30 possible]
2 a. Usethedefinition of Maclaurin seriesto derive the series for -1%( . [The definition of Maclauren seriesison

the formula sheet. Obviously, you must show your work in detail since the seriesfor 1%( iIsalso given on the
formula sheet.]

b. Usethe seriesyou derived in (a) to obtain aseriesfor f(x) = ﬁz [If you didn't get (a), you can till do (b)

and (c¢), using the series on the formula sheet.]

c. Then integrate the |atter seriesto obtain a seriesfor arctan x. [If you're uncertain, I'll correct your answer for (b)
[or give you the correct answer] before you do (C).]

[20 possible]
3. Suppose the function f(x) can be expressed as a Maclauren series by

¥ n—1
-1.3
f(x) = n§1 )2 x=1 —%x +%x2—%gx3 +... .

Use the Ratio Test to determine the interva of convergence. Be sure to check the endpoints. Show all your work.
Include explanations and reasons in your answer. Y our work and explanations will be graded.




[20 possible]

4. The Maclauren seriesfor f(x) = sin x is given on the formula sheet. Use the seriesfor sin x to obtain a series
sin x2. Simplify your result as much as possible. Then write the seriesin summation notation. [Y ou must show
your work so | can see how you're getting the result. Also, if you're uncertain about your series, ask me to check
your answer now for afew points off. If you haveit wrong, I'll give you the correct series so you can do the next
few problems)]

[20 possible]
5. Let Py(x) and P»(x) bethefirst two terms in the sequence of partial sums of the seriesfor sin x2. (These are
just thefirst two Taylor polynomials for the function.)

a. Writethe equationsfor Py(x) and P»(x). That is, complete P1(x) = and P»(x) = , but do
it on your answer sheet. [Again, if you're uncertain about your answer, ask me to check your answer now for afew
points off. If you have it wrong, I'll give you the correct answer so you can do (b).]

b. On an accompanying page of thistest, I've drawn the gragph of y = sin x2. On the same coordinate system,
draw large, accurategraphs y = P1(x), and y = P»(x). For both, use as much of the coordinate system as you

can. You may use your grapher but you must reproduce the graphs on your paper. Tell which graph iswhich.

[20 possible]

5/4
6. Use your series (not NUMINT) for sin x? to approximate 5‘ sinx2 dx correct to three decimal places.
0

[Show your work. Y ou may check your answer with NUMINT if you wish.]

[20 possible]
7. Useyour seriesfor sin x [Note: That'ssin x , not sin x2.] to obtain aseriesfor cos x. Show what you're doing
to get your result. [If you can't do this problem, you can do EC Problem 11 instead.]
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The remaining problems on the next two pages are for EXTRA CREDIT. Do them only after you've completed,
and checked, your solutionsto Problems 1 - 7.



rv=1x

[14 possible]

8. (a) By writing out the series, find the total area of the
shaded region at right, assuming the pattern continues 2
forever.

(b) Suppose the shaded region above was revolved about the
x-axis. Theresult would be akind of a cone-shaped, stair-
stepped solid. What is the volume of the solid?

[30 possible]
9. There are anumber of teststo determine when series converge and when they diverge. Thelntegral Test is
one of these. It says

¥
Integral Test. Suppose you have aseries Sl a, . If thereisafunction, f, that is continuous, positive and
n=
¥ ¥
decreasingon[1, ¥) and f(n) = a , then (i) if 5‘ f(x) dx isconvergent, then Sl a,, isconvergent; and
1 n=
¥ ¥
(i) if 5 f(x) dx isdivergent, then Sl a,, isdivergent.
1 n=

Here'syour question: Usethe Integral test to determine the convergence or divergence of these three series:

¥ 1 ¥ 1 ¥ 1
@ n§1 v ; (b) n§1 nk (©) nzsl T
[16 possible]

10. The point of this question isto seeif you understand the terminology and the concepts related to sequences
and series. [You may put your responsesin the blanks below.]

Put T (true), F (false), or M (meaningless) in front of each of these statements:
a. Thelimit of the sequence .3, .33, .333, ... is 1/3.
b. The limit of .333... is 1/3.

¥
c. Giventheseries Sl a,. If the sequence a,, &, a;, ... has limit zero, then the series has a sum.
n=

¥
d. Giventhe series S1 a,. If the sequence of partial sums of the series A, A,, A, ... haslimit zero, then
n=
the series has a sum.

¥
e. Giventhe series S1 a,. If thesequence a,, &, a;, ... haslimit zero, then the sequence of partial sums
n=
of the serieshas alimit.
f. Even though 1%3isdefined, and 11—)( =1+x+x2+x3+ .., thenumber 3isnot in the domain of
the function f defined by f(x) = 1+ X + X2 + x3 + ....
g. Theterms of the sequence .9, .99, .999, ... approach, but never reach, the number 1.

h. .999... approaches, but never reaches, the number 1.




[30 possible]
1

1
11. The Maclauren seriesfor €* is given on the formula sheet. Useiit to obtain a seriesfor f(x) = ﬁe‘ 2

1/2
Then use your result to approximate }[ 7%_p e %xzdx.
0

[30 possible]
12. First, find a power series representation for f(x) = In (1 + 2x). Then find a power series representation for
g(x) = In (1 + 2x)1/x, Next usethe seriesfor g to find XIing0 g(x). Finaly, useyour previous result to find

Jim (1 +2x) X,

[20 possible]
12. You have seriesfor cos x (on the formula sheet) and for sin x (in Problem 6.) Use these two seriesto find a
seriesfor tan x.
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INSTRUCTIONS:

Do the problems on the paper provided, numbering the problems clearly. Be sure your name is on each paper.

Y our work will be graded. Neatness, notation and logic all count. For answers that involve series, you do not
have to use summation notation unless you are explicirtly told to do so or unless you need to do so to usea
convergencetest. However, you do have to smplify the terms of the series and include enough terms (usualy five
or six), sothat | can tell you see the pattern.
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