MA-331 (W,07)

Test 1 (Unit 1)
[250 possible points] Name
Theinstructions are on the bottom of page 3. Read them first before you begin.
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[30 possible points]

1. For the structure < F, +, - > to be afield, twelve axioms must be satisfied. Here are eleven of the axioms:

F must be closed under + and - ; the associative and commutative properties must hold for + and - ; F must
contain additive and multiplicative identities, say 0 and 1; every element of F must have a unique additiveinversein
F; the distributive property must hold; and the two identities must be different.

(@ Writein symbols precisely what it means for aset Sto be closed under the operation of A.
(b) Write precisely in symbolic form the remaining field axiom. (Do not just give its name.)

[40 possible]

2. Webegan with aset, R (whose elements were called real numbers), together with two binary operations, + and -,
defined onR. We assumed that < R, +, - > wasafield. Usingjust thefield axioms and some definitions, we
were able to prove a number of theorems that would have to hold in any field.

Using just the axioms, definitions and theorems proved in class or on homework assignments, give a careful proof
of thistheorem:

"ab,x1R:If aisnot0and J —b =0, then x =ab.

Be careful about grouping symbols and about the use of the definitions of subtraction[ x —y =x + (-=y) ] and
divison| § =xy1]. Also, if you'rein doubt about whether or not something you want to use has been previoudy
proved, you should either ask me or prove it here or, best, just avoid using it.

[10 poss]
3. To be anordered field, there must be arelation, <, defined on F which satisfies four axioms. They are

Trichotomy, Transitivity, Additivity (Additivity says" ab,cl F:if a<b, thena+ c < b+ c) and Multiplicativity
(Multiplicativity says" abl F:if 0<aand0<b, then0<ab.)

What, precisely, does the Trichotomy Axiom say? [If you don't know, you may state the Trangitive Axiom for less
credit.]

[40 possible]
4. We next assumed that < R, +, -, < > was an ordered field.

Using just the order axioms and the field axioms, definitions and theorems proved in class or on homework
assignments, give a careful proof of these two theorems:

Thi "xT R: x<0iff 0<—x. Th2."yzl R:if0O<yandz<0,thenyz<O.

To prove these, you may use any of the field theorems we proved in class but you may not use any of the theorems
about < that were proved in class. However, you may use Theorem 1 in your proof of Theorem 2.

[30 poss]
5. [Remember: Q isthe set of rational numbersand N is the set of natural numbers.] Definethe setsA, B and C as
follows: A={x|x] Qandx£ 2}, B={x|xT Qandx2£ 2},

and C={x|xT R and x:Z—% for someni N}.
Answer these question about the three sets. [Before doing so, you might first try to determine what the elementsin
these setslook like]
a. Show that set B is non-empty and is bounded above.
b. What is the least upper bound of A? of B? of C?
c. Istheleast upper bound of A an lement of A? of Q? of R?
d. Isthe least upper bound of B an element of B? of Q? of R?
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[30 poss]
6. The Completeness Axiom says

If Sisany non-empty subset of R which has an upper bound, then S has aleast upper bound (lub) in R.

(&) What precisely doesit mean to say that the number b is an upper bound of S? ["Precisely” meansto givea
good mathematical definition, so your definition would begin "Let Sbe asubset of R. The number bis... "]

(b) What precisely doesit mean to say that b isaleast upper bound of S?

(c) We know that the Compl eteness Axiom holds for the set of real numbers because we have postulated that it
holds. Doesthe Completeness Axiom hold for Q? That is, if "R™ isreplaced by "Q" in the statement above, will
the statement be true? Give an arument to justify your answer.

[40 poss] _ . _ +|0123456
7. LetF={0,1,2 3,4,5 6} with+ and - defined on F by thetables at right. (Theseare ilo1zz45+6
just theintegersmod 7.) It isafact —which you do not have to verify —that thisstructureis ;| 2 2 4 5 5 ¢
afield. Answer these questions about thisfield. slaaas56 01
[Note: All of your numerical answersto the questions below, including g, h, and i #2456 013
will be0, 1, 2, ..., 6 or "No such number existsin F."] 414360123
e e gy . i 5|5 601224
The additive identity for thisfield is0 because x + 0 =x for al x in F. Similarly, the fleni1z24as
multiplicative identity is 1.
a What isthe additiveinverse of 3; i.e.,—3="? Explain why. jo1zz245%8
, _ 4 . 3 afloooooon
b. What isthe multiplicative inverse of 5; i.e., 5+ = ? Explain. C £ =7 tlo1zz24568
d. What isthe solution for the equation £ —2 = 0? Show that your solution is the same as : g g g g é ? 3
the theorem you proved in problem 3a says it should be. 4lo 41526 3
e. Solve: x2 =5, f. Solve: x2 = 2. 303316432
BI06 S 4321

Thefollowing questions-- g, h, and i -- still refer tothefield, F, above.

g. DefineC to be the smallest subset of F={0,1, 2, 3, 4, 5, 6} that contains 1 and is closed under adding 1. List
al theelementsof C.

h. Definetheset | asfollows: xT 1iff x] Corx=0o0rx=-nfor someninC. ListthedementsofI.
i. DefineL by L ={ x |x=pqg?!forsomepandqg? 0inl}. Listtheeementsof L.

[1I'm sure you've noticed that the sets C, I, and L are defined in precisely the same way the natural (i.e., Counting)
numbers, the Integers, and the Rational. numbers were defined when we did the real numbers.]

[30 poss]

8. In developing the theory of the real numbers, our initial goal wasto state a set of axioms that would permit us
to prove the things we know to be true about the real numbers. We did this by first assuming that the real numbers
formed afield, then that they formed an ordered field, and finally that they formed a complete ordered field. Aswe
stated the axioms, we continued to ask ourselves whether or not particular assertions could be proved using just the
axioms we had assumed up to that point. (Note: For both (@) and (b), it is not the answer to the question that's
important; instead, ii's the detailed explanation that will be graded.

a Isit possible to prove the statement below, assumingthat < R, +, -, <> satisfy just the axioms for an ordered
field? Explainin detail how you know. The statement is

" al R IfO<athen$x] Rsuchthat X2 =a

b. If we assumed that < R, +, - > satisfied just the axioms for afield, could we prove that some integers are not
natural numbers. That is, using just the field axioms, could we prove the assertion

Thereisat least one element in the set of integers which is not in the set of natural numbers.
Explain how you know. (Y ou might want to look at Problem 7 above.)
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EXTRA CREDIT. Do thisonly after you've completed everything else you can do on thetest. Each problemis
worth 50 EC points. Y ou may tear off this page and do these problems at home for less credit. Y ou must do them
on your own.

9. Answer these questions:

a. Do theintegersform afield? Explain.

b. Do the mod five integers (with + and - as given in Problem 4) form an ordered field? Explain.

c. Do therational numbers form an ordered field?

d. Do the rational numbers form a complete ordered field? Explain in detail how you know.

e. Do the real numbers form a complete ordered field?

10. Irrational numbers are defined as follows:
x isirrationa iff x isareal number but x isnot rational.

We've assumed that the real number system isa complete ordered field. The Completeness Postulate implies that
the least upper bound of the set

S={ x|xisarational number andx2< 2}
isarea number.
a. Explain how this guarantees that thereis at |east oneirrational number in the set of reals.

b. Once you know that thereis at least oneirrational number, it is possible to prove that there are alot more of
them. Restate and prove thistheorem, using an indirect proof: [You will have to restate the theorem in symbols|]

The sum of arational number and an irrational number isirrational.
c. Isthe product of anirrational and an irrational itself irrationa? Explain.

11. Provethat, inany field, if the number a satisfies the equation x2 = k (wherek is an element of the field), then
so does the additive inverse of a. (Y ou may use any of the field theorems that were proved early in the course.)

Then show that thisistrue for thefield < F, +, - > given in Problem 7 by looking at the equationsx2 = 1,
x2=2 and x?=4inthat field.

[Remember that < F, +, - >istheintegersmod 7s0 F={0, 1, 2,3,4,5, 6} ]
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Instructions. Unless otherwise indicated, write all your answers on your answer sheets. Be sure to number the
pages and the problems. All answers must be given as complete sentences unless otherwise specified. [A sentence
in mathematics could look like this: 21 = 7.] Be careful about your use of notation. Do not circle or box
"answers."



