MA-331 (W,07)
Test 3
[200 possible points; 50 possible EC points] Name
The ingtructions are on thebottom of page 2. Read them first.

[40 possible: 10, 10, 20]

la I’vedrawn apicture of a Saccheri quadrilateral at right. We proved the Saccheri Theorem
in Absolute Geometry. On your answer sheet, tell what the Saccheri Theorem says about the B o
relationship between the upper base and lower base in terms of the figure. Doesthis

relationship also hold in Euclidean Geometry? Explain. E

b. The following theorem was proved using the Saccheri Theorem:

Th 1) Given Saccheri quadrilatera ABCD with lower base AD.
ThenmBABD £ mDbCDB.
Using Th 1, complete a sketch proof of Th 2 below:

Th2) Givenright triangle DABC with right angle at C and angles as shown in
thefigure. ThenmbA + mBB £ 90. l.e,a + b £ 90. o

Pf) GivenDABC withright angleat C. Construct a Saccheri quadrilateral asshown. By Th 1, ...
c. Thefollowing theorem is proved in Absolute Geometry:

Th 3) The sum of the measures of the angles of any triangle is no more than 180.

Draw afigure, restate the theorem in terms of your figure, and use Th 2 to sketch its proof. (Y ou may use without
proof the theorem that the foot of a perpendicular from avertex to the line containing alongest side of atriangleis
between the vertices determining that sSide. Y ou do have to mention in your proof where you're using this theorem.)

[20 poss: 10, 10]
2. Statecarefully, and in detail, the Euclidean Parallel Postulate (EPP). Then state carefully, and in detall, the
negation of EPP.

[50 possible: 5, 15, 20, 10]
3. Here are three theorems;

(A) Giventwo linescut by atransversal. If thelines are paralel, then aternate interior angles are congruent.
(B) Giventwo linescut by atransversal. If alternate interior angles are congruent, then the lines are paralldl.
(C) Giventhreelines, I1,lp,and 3. If 11|12, and 2 || 13, thenly || 1.

One of these can be proved in Absolute Geometry and the other two depend on EPP.

a Which one can be proved in Absolute Geometry?

b. For one of the two theorems that cannot be proved in Absolute Geometry, use the Poincaré modd to explainin
detail how you know it can’t be proved in Absolute Geometry. [A picture aone will not do; you haveto present a
detailed argument aswell. The argument will haveto begin "If .... could be provedin ..."]

c. Hereis atheorem that was proved in Euclidean Geometry. (Well cal it the Angle Sum Theorem for want of a
better name.)
The sum of the measures of the angles of any triangleis 180.

Sketch aproof of the Angle Sum Theorem. [You may use the theorems above in your proof plus any of the other
Absolute Geometry theorems we proved.]

d. In Euclidean Geometry, the Exterior Angle Theorem says the an exterior angle of atriangle isthe sum of the
measures of the two remote interior angles. Draw afigure, restate the theorem in terms of the figure, and sketch its
proof.



[40 possible: 10 for a, 30 for b]
4a. Onyour answer sheset, draw afigure and complete the following definition of smilarity for triangles. In your
definition, use symbols to express relationships and not words like™ ... all pairs of corresponding angles..."]

Def. Given DABC and DDEF and the correspondence ABC « DEF. Then the correspondence is a smilarity,
and we write DABC ~ DDEF, iff ...

b. Giveasketch proof of the SAS Similarity Theorem:

Given DABC and DDEF and the correspondence ABC « DEF.
If DA @D and & = €, then DABC ~ DDEF.

E

[Note: If you can't prove the theorem above, for haf credit, you may state and prove the Pythagorean Theorem
using similar triangles.]

[50 possible: 20 for a, 30 for b]

5a. Give asketch proof of cases (1) and (2) of the following theorem. [I proved case (1) in class so you arejust to
reproduce that proof. Asareminder, my proof used the Exterior Angle theorem in Problem 3d.]

Theorem) The measure of an angleinscribed in acircleis half the measure of its intercepted arc.

Restatement) Given circle C with center O. If A, B, and C are three points on the circle, then mDABC = %-m(ATf:).
There are three cases. (1) O ison one of the sides of PABC,; (2) O istheinterior of DABC; and (3) O isin the
exterior of DABC.

b. Draw afigure corresponding to the following theorem. Then sketch a proof.

Th) Given acircle C and two secant lines, |1 and lo, which intersect in apoint Pin the exterior of C. Suppose
I1 intersects C at the points A and B withP—A —B and |» intersects C at C and D withP—C —D.
Then PA-PB = CP-PD.

[ Note: For EXTRA CREDIT, you may also prove mBbBPD = (1]2)-[m(I§-f)) - m(A-EI)] .

For EXTRA CREDIT, answer the questions about circles on pages 3 and 4.

INSTRUCTIONS:

Give your answers on the answer sheets, indicating clearly which problem you're answering. To "sketch a proof”
means that you need include only the essentia steps and you may use standard notation for parts of triangles (For
example, aisthe length of the side opposite vertex A, etc.) without stating these things explicitly in your proof.
However, when the question is to state an axiom, definition or theorem, you must make everything explicit and not
use conventions.

Note: If you'retotally at aloss on aproof problem, you can ask mefor ahint. | may help you out for some
deduction in points for the problem.



[50 possible]
6. Arclength and areawere defined asfollows:

Given acircle C with center O and radiusr. Let AB beanarc of C. For each natural number n, take a sequence of
2"+ 1 pointsAg, Aq, ,...., Aorinorder onAB withAg = A, Azn =B, and Aj.1Ai = AjAj+1 =ty fordl i.
Also Iet hy, be the length of the perpendicular from O to A_A i1A ;. Findly, let

a A, ;A (which equals 2"t,,)

and

a(DA;_10A;) (which equals 23 t,h,,)

Qony

a =
1

i
Then by definition
I(AB) = lim u, and a(sectAOB) = lim, a,.

a. Inthecircle on page 4, draw two regular 2"-pieced broken linesin

the major arcA-Ié, onefor n =2 and the other for n = 3. Label the
vertices of the first broken line Ag, A1, etc. and the vertices of the second Ag', A1, etc. Also indicate two segments,
one of length hy and the other of length tz, in your figure.

b. Before defining p, we proved the theorem below about the lengths of arcs of two circles. Fill inthe missing
hypothesis of the theorem.

Th) Giventwo circlesC and C' with centers O and O' and radii rand r'.

Let AB and A®( be arcs of the two circles. If , then 1(AB) / 2r = I(A®) / 2r".

c.To prove the theoremin (c) we oons idered two regular 2N-pieced broken lines with vertices Ag, A1, ... and
AO, A 1 - Inscribedin AB and AB respectively. A magjor part of the proof involved showing that

DA; ,0A, ~ DA% ,0A! fori=1,2, .., 2" Draw picturesof thetwo triangles. Then provethey are similar,
telling specifically where you use the hypothesis in the theorem in (b) above.

d. Thecircumference of acircle isdefined to be the length of the major arc AB of thecirclewhen A =B. The

theorem in (c) impliesthat the ratio of the circumference of any circleto twiceitsradiusisaconstant. This
congtant we defineto be p. Use this definition to obtain the formulafor the circumference of acircle. [Obvioudy
you have to show your one-step derivation.]

e. Usethe definition of a(sectAOB) given at the top of page 3 above plus appropriate limit theoremsto obtain a
formulafor a (sectAOB) in terms of I(KB). [Again, you must show your work.]

f. Use the formulain (d) to show that the area of acircle (disk) isp-r2. [Show your work.]



Thisisthecircle for Problem 7a. Note that you are supposed to be drawing in the major arc AB.




